An exact expression for the diffusion time which depends on the interaction rates for particles of not only different, but also of the same species, has been derived from the system of kinetic equations. The result is valid for particles with arbitrary statistics and energy-momentum relations. The derived general relations are valid for investigating diffusion in liquid and solid 3 He-4 He mixtures. The contribution of interaction between quasiparticles of the same type to the diffusion coefficient and effective thermal conductivity of superfluid solutions is analyzed. The calculated values are compared with experimental data. The calculated diffusion coefficient of 3 He-4 He solid solutions differs from the previous theoretical results. A comparison of the obtained diffusion coefficient with experimental data makes it possible to determine the numerical value of the energy band width for impurity quasiparticles.
Introduction
Investigation of diffusion processes in condensed media, in which a quasiparticle description is valid, is one of the most important problems of modern classical c I.N.Adamenko, K.E.Nemchenko, A.V.Zhukov, T.F.George, L.N.Pandey, Chung-In Um and quantum kinetics. The present paper deals with the diffusion of impurity excitations in weakly-concentrated solutions of 3 He in superfluid and solid 4 He. The general result obtained for a two-component gaseous system with arbitrary statistics and the dispersion law makes it possible to describe the quasiparticle systems in some limiting cases of interest.
For every classical and quantum two-component gaseous system known to us, the diffusion coefficients can be written in the form
where u D is a typical velocity, whose analytical expression is determined by the dispersion law and statistics of the particles, and τ D is a typical diffusion time.
The solution of a set of two linearized kinetic equations for a mixture of α-type and β-type gases with any dispersion law and chemical potential takes the form (see [1] )
whereŜ andÎ are the matrices in the 2D space of component momenta. The matrixŜ
includes the operators of collisions between particles of the same type, and the matrixÎ
consists of the operators of collisions between particles of different types. The collision operators J kl (k, l = α, β) are linearized integrals of the collision of k−type particles with l−type particles and in a usual way can be expressed by the transition probability density function.
Diffusion time
The time τ D can be expressed as a scalar product determined in the following way:
Here and below, the subscript 1 on a bra-or a ket-vector denotes a 1D vector, and f ′ 0k is a derivative of the local equilibrium distribution function with respect to energy. The vector |ϕ D that determines τ D is normalized with respect to the scalar product (5) as where p kz is the z-th component of the momentum (k = α, β), and
is the normal density of the k-th component, and ρ = ρ α + ρ β is the total density of the mixture.
To obtain an exact expression for the matrix elements (2), one should introduce a complete set of orthonormal two-component vectors |ϕ n (n = 1, 2, ..). The first vector of this set corresponds to the total momentum of the two-component system of quasiparticles,
and the second one should be taken as
The remaining vectors can be constructed by using the standard procedure (see, e.g., [2] ) and the definition of the scalar product (5) . By constructing a complete set of vectors in this way, the expression for τ D
can be rewritten as
Here the square matricesĨ andS include the matrix elements
where
The matricesĨ andS are infinite and nondiagonal. Therefore, the exact solution (11) does not allow us to obtain an explicit analytical expression for τ D . However, the solution (11) makes it possible to consider various limiting cases, to find minimal and maximal values of τ D , to obtain correct interpolation formulae and to carry out computer calculations for various physical systems. So, in the case of fast equilibrium established between particles of the same type, i.e. when the inequality
is valid, one can obtain from equation (11)
where τ (0) kl
Here and below, the normalized average of the arbitrary operatorL with respect to the quasiparticle momentum is denoted as
According to the momentum conservation law and definition (16),
Using the fact that the operatorsĨ andS are Hermitian and defined as negative, it can be shown that
In the opposite limiting case of the slow establishing of equilibrium between identical particles (S ββ′ ≪ I ββ′ ), τ D reaches its maximum value
When the density of the α−component is relatively low (ρ α ≪ ρ β ) and the relaxation time in the α−component is great (J αα →0), from (11) we obtain
where τ
It should be noted that (16) is the average of the rate, but (22) is the average of the time, and one can prove that for arbitrary momentum dependence of J αβ , the time (22) is greater than the time defined by (16) .
For a definite physical system, the rate τ
can be easily calculated, but to calculate τ (∞) αβ −1 (22) one must find the inverse operator to the integral operator J αβ , which can be done only by using some approximations. The exact expression (11) and the limiting formulae (15), (20) and (22) make it possible to propose the correct relaxation-time approximation for a two-component system:
This approximation satisfies the conservation of the z-th component of the total momentum of the system:Î |ϕ 1 = 0 .
Here
and ν kl is a transport scattering rate that is determined in a usual way from collision integrals. The model (23) can be used for the calculation of τ D to give
The time τ kl in (26) depends on the relaxation rates t
kk of the k-particles. Note, the expression (26) obtained in the limiting cases gives not only the formulae (16), (20) and (22) of this paper, but also the results of other theoretical investigations [3] and, in particular, the well-known Callaway formula [4] . 
He
Because of the nature of thermal excitations, diffusion in such mixtures defines thermal conductivity of the matter that includes these thermal excitations [5] . Consider a superfluid mixture of helium isotopes. The kinetic properties of the mixtures are determined by a set of quasiparticles: phonons and rotons (thermal excitations of He II) and impuritons ( 3 He quasiparticles). It is useful to separate three temperature regions which differ one from another by the types of physical processes which govern the thermal conductivity of the mixture.
At low temperatures (T < 0.6 K), when the roton contribution can be neglected, the thermal conductivity of the mixtures is determined by diffusion in the phonon-impuriton system:
is a coefficient of diffusion of impuritons in a phonon gas, S ph is the entropy of the phonon gas, n 3 is the number density of impuritons, κ 3 is a partial coefficient of thermal conductivity, and
is defined by (26) where the subscripts α, β refer to ph, i, respectively. For nondegenerate mixtures one has 2 3
(31) Figure 1 shows the calculated (from equation (29) (26) are presented by solid curves and are in better agreement with the experimental data. The results for the considered temperature region correspond to the calculations of [3, 8, 9] . In the region of intermediate temperature (0.7 K < T < 1 K), when the concentration of impuritons is small, the effective thermal conductivity is determined mainly by diffusion in the gas of thermal excitations. [6] and [7] are represented by and ♦.
Diffusion processes in a phonon-roton gas were first considered in [10] . Later, in [1] , these processes were shown to be the reason for a thermal transfer caused by a difference of dispersion laws of phonons and rotons. The calculation from relation (26) is analogous to that made in [1] and gives
Here S r and ρ r are the entropy and normal density of rotons, and τ
is given by equation (26) in which the subscripts α, β should be substituted with r, ph, respectively. Expression (32) gives the result of [1] when the times t phph and t rr are equal to zero. Curve 3 in figure 1 presents the calculations from equation (32) and shows the existence of a wide enough temperature range, such that κ D should be taken into account.
At high enough temperatures (T > 1 K) the kinetic properties of superfluid mixtures are governed by rotons and impuritons. According to [11] , in this temperature region, the coefficient of effective thermal conductivity can be written as
where κ r is thermal conductivity of rotons. Using the relations (1) and (26), the diffusion coefficient of impuritons in a roton gas is given as
Here τ
D is given by relation (26), where the subscripts α, β should be substituted by r, i, respectively. The relation (34) gives the result of [1] if the times t ii and t rr are equal to zero. The rate of the roton-impuriton interaction can be written in the form [12] 
where A is a scattering amplitude. The limiting relations for the relaxation rates refer to the absence of equilibrium in the impuritons (t ii ≫t ir ) and fast relaxation in the roton gas (t rr ≪t ri ). Under these conditions the general expression (26) gives
The results calculated from equation (34) for the effective thermal conductivity for a mixture with x = 1 · 10 −4 are presented in figure 1 (curve 1) . Here the contributions of the third and fourth terms in the right-hand side of equation (33) can be neglected. The account of the finite values of t ii and t rr makes the calculated values greater to the order of 10%, improving the agreement between theory and experiment. In figure 2 , the dashed curves present calculations with τ D = τ D min , and the solid curves correspond to τ D calculated from equation (26).
Diffusion in solid 3

He-
4
He mixtures
The methods used in the previous section allow us to calculate the contribution of the phonon-impuriton interaction to spin diffusion of impurities in solid 3 He-4 He mixtures as
phi . stands for the experimental data of [20] [21] [22] , and the curve corresponds to the calculations by equations (39-42).
Calculating the scalar products in (37), one should take integrals in the limit of the impurity energy band ∆ ≪ T , thus giving
iph .
This result differs from the diffusion coefficient in the phonon-impuriton system of a liquid 3 He-4 He mixture, especially by its temperature dependence. To examine this, we rewrite equation (38) by using the definition (18):
phi .
The time τ
phi has a typical Rayleigh scattering temperature dependence T −4 , and ρ ph is proportional to T 4 , so that D s iph ∼ T −9 . Such a dependence was first obtained in [13] from phenomenological arguments. According to equation (38), this dependence is completely determined by τ (0) iph , and from equation (39) it follows that eight powers of temperature deal with phonons (normal density and scattering rate), and one power deals with the normal density of impuritons. The expressions (38) and (39) differ from the results of [13, [14] [15] [16] [17] [18] . Relation (39) includes parameters which can be directly determined from independent experiments on thermal conductivity in solid 3 He-4 He mixtures [19] . The numerical values of ∆ can be obtained from the experimental data [20] [21] [22] for a mixture with x = 6 × 10 −5 . The expression for spin diffusion can be written in the form
where D ii is independent of the temperature contribution of the impuriton-impuriton interaction to spin diffusion, which according to [23] is Figure 3 presents the experimental [18] and calculated (by formula (41)) values of the diffusion coefficients. An agreement between the calculated and observed data is achieved with ∆ = 3.5 · 10 −4 K
The obtained value (42) refines the results of [17, 18] which give the order of magnitude only.
